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|. PRODUCER THEORY

The firm’s production function for a particular commodity, g, where ( = f (k, |) shows the

maximum amount of the commodity that can be produced using alternative combinations of capital,
k, and labor, /.

The marginal physical product of an input is the additional output that can be produced by employing
one more unit of that input while holding all other inputs constant.

Marginal physical product of capital is:

mp, =
ok

Similarly, marginal physical product of labor is:

mp, =
ol

EXAMPLE: Let’s assume that the production function of a given firm is
f(k,1)=2k +kl+712

Then, marginal productivity of capital is:

(k) _

MP,
ok

2+1
And the marginal productivity of labor is:

MP, = =k +14I

of (k, 1)
al

Average physical productivity is the same as labor productivity. When it is said that a firm has
experienced productivity increases, it means that output per unit of labor input has increased.
Average productivity of labor is defined as:

AP=|9

EXAMPLE: If we take the same production function as above, then the average
productivity of labor is given by:

_2k+kl+717 2k

AP I T+k+7l




An isoquant records all combinations of capital and labor that can be used to produce a given
quantity of output. The slope of an isoquant shows how one input can be traded for another while
holding output constant.

The marginal rate of technical substitution (RTS) shows the rate at which labor can be substituted for
capital while holding output constant along an isoquant.

To examine the shape of production function isoquants, it is useful to prove that the RTS (of / to k) is
equal to the ratio of the marginal physical productivity of labor, MP,, to the marginal physical
productivity of capital MP,:

MP
RTS = —

k

EXAMPLE:

k +141
2+1

RTS =

If the production function is given by (] = f (k, |) and if all inputs are multiplied by the same positive

constant t (with t >1), then the returns to scale of the production function are:
constant if f(tk,tl)=tf (k,1)=tq
Increasing if f (tk,tl)>tf (k,1)
Decreasing if T (tk,tl)<tf (k, 1)

For the production function ( = f (k, |), the elasticity of substitution (G) measures the

proportionate change in k/I relative to the proportionate change in the RTS along an isoquant.

G_A(kll)_d(kll) RTS JlInk/I _ Sink/I
ARTS  dRTS k/lI SInRTS &SInf, /f,

Along an isoquant, k/l and RTS move in the same direction, so the value of O is always positive.

EXAMPLES OF PRODUCTION FUNCTIONS:
1. The linear function: (O' = oo)
g=ak+bl
Returns to scale are constant:
f (tk,tl)=atk +btl =t(ak +bl)=tq
All isoquants for this production function are parallel straights lines with slope —b/a.

Because RTS is constant along any straight line isoquant, the denominator in the definition of o
is equal to 0, meaning that O is infinite.



This production function is very rare in practice, because it means that you could produce using
only one of the inputs, depending on the inputs’ prices.

Leontief or fixed proportion (O‘ = 0)
q=min(ak, bl) witha,b>0

Here, capital and labor must always be used in a fixed ratio. The isoquants for this production
function are L-shaped. A firm with this production function will always operate along the ray
where the ratio k/l is constant.

As k/l is constant, it is easy to see that (G = 0)

You can find this function in many applications. Many machines require a certain number of
people to run them, but any excess labor is superfluous.

Other example: if your firm produces a service of taxi. You have a car and a driver. Having more
drivers would not be efficient; the same for a second car if you have one driver.

The Cobb Douglas function: o =1
agb .
g= f(k,|)=Ak I® withA, aandb>0
Isoquants for this production function have a convex shape.

If a+b =1, the Cobb Douglas function exhibits constant returns to scale because output also
increases by a factor of t.

If a+b>1, the function will have increasing return to scale

If a+b<1, the function will have decreasing return to scale
Indeed: f (tk,t1)= A(tk)* (tl)” = At**k?1° =t** £ (k,1)
4. The CES production function:

q=f(k1)=[k?+1°]""?

Where O<p<landp#0,and y >0

For y >1, the function has increasing returns to scale, whereas for y <1it exhibits

diminishing returns to scale.

What about T ?

ars - fi_ (/PP rplrt (Lj " (Kjlp
f, (7(/ p).q(z—P)/zlpk p-1 k

J_aln(k/l)_ 1
~ 0INRTS 1-p




If p=1, then we have the linear case.
If p=0, than we have the Cobb Douglas case

If p=—00, than we have the fixed-proportions.

The CES is often use with a distributional weight, ,3(0 <p< 1), to indicate the relative

significance of the inputs:

q=f(k1)=[g" +@-pN° """

ECONOMIC PROFITS AND COST MINIMIZATION

What is the cost for a firm to produce a given output?
C=wl+rk

If we assume that the firm only produces one unit of output, its total revenues are given by the price
of its product (p) times its total output (q).

Economic profits are the difference between a firm’s total revenues and its total costs:
7 =pg—wl—-rk

COST-MINIMIZING INPUT CHOICES

A firm seeks to minimize total costs given its technology gq=f(k,l)=qgo.

The Lagrangian is thus:
L=wl+rk+2[qo— f(k,1)]

The first-order conditions for a constrained minimum are:

A _wa% o
ol ol
%:r—ﬂ,izo
ok ok

oL

—=qo- f(k,1)=0
o, ~Go-flk1)

Or, using the first two equations,

w_ 7 _ ars(ifork)

r  of /ok

This says that the cost minimizing-firm should equate the RTS for the two inputs to the ratio of their
prices.



EXAMPLE: Assume that:
q=f(k,1)=k“1”
In that case, the Lagrangien expression for minimizing the cost of providing q0 is
L =rk+wl+A(qo—k“1”)

First order conditions for a minimum are:

L P LAY
ok

oL

— =w-Apk“1"* =0
ol p
i:qo—k"‘lﬂ =0
oA

Dividing the second of these by the first yields

COST FUNCTIONS

The total cost function shows that, for any set of input costs and for any output level, the minimum

total cost incurred by the firm is:
Cc=C(r,w,q)
The average cost function (AC) is found by computing total costs per unit of output:

AC(r,w,q):—C(r’(;N’q)

The marginal cost function (MC) is found by computing the change in total costs for a change in

output produced:

aC(r,w,q)

MC(r,w,q)= %

PROFIT MAXIMIZATION

Total revenues (R) are given by:

R(a) = p(a)q

The differences between revenues and costs (C) is called economic profits (7)

#(d)= p(a)a—C(a) = R(a) - C(q)



Maximizing profits implies:

dr _dR_dC _,

dq dg dg
R _dc
dq dqg

In other words, marginal revenue equals marginal cost.

To maximize economic profits, the firm should choose output for which marginal revenue is equal to
marginal cost.

_drR_dC _

MR=-—"—="—""=
dg dq

MC

The condition we found is only necessary but not sufficient. For sufficiency, it is required that the
marginal profit must be decreasing at the optimal level of q.

In mathematics terms, it means that:

PROFIT MAXIMIZATION AND INPUT DEMAND

The firm’s economic profits can be expressed as a function of only the inputs it employs:

7(9) = R(q) —C(q) = Pf (k,1) = (rk + wl)

The profit-maximizing firm’s decision problem is to choose the appropriate levels of capital and labor

input.
8_7:2 Pg—r:O
ok ok
6—7[: PQ—W:O
al ol

A profit maximizing firm should hire any input up to the point at which the input’s marginal
contribution to revenue is equal to the marginal cost of hiring the input.

The marginal revenue product is the extra revenue a firm receives when it employs one more unit of
an input. When the firm is price taker (meaning it does not have any power on price, the firm cannot
influence prices), the marginal revenue product of labor is equal to its market price.

SUBSTITUTION AND OUTPUT EFFECTS IN INPUT DEMAND
When the price of an input falls, two effects cause the quantity demanded of that input to rise:

1- the substitution effect causes any given output level to be produced using more of the
output



2- the fall in costs causes more of the good to be sold, thereby creating an additional
output effect that increases demand for the input.

For the rise in input price, both substitution and output effects cause the quantity of an input
demanded to decline.



EXERCISES

1.  Fill the table below

f(1,k) MP, MP, RTS,

1+ 2k

a-1+b-k

50-1-k

I 0.25 k 0.75

Cl*k®

(I1+2)k+1)

2.  Say for each production function whether it has constant, increasing or decreasing returns to
scale.

a) (X, %)= X, +2X,



3.

Assume that your production function is given by

f(x,y)=x"?y

a)

b)

c)
d)
e)

f)

3/2

Write the expression of the marginal product of x.

Assume a little increase of x, y is constant. Does the marginal product of x increase, decrease
or remain constant?

Do the same fory.
If y increases, what happens on the marginal product of x?
What is the RTS between y and x?

What can you say about returns to scale of this function?

Consider the cost function: C(y) = 4y?* +16

a)
b)
c)
d)

e)

What is the average cost function?

What is the marginal cost function?

What is the level of production that minimizes the average cost?
What is the average cost function?

For what production level is the average cost equal to the marginal cost?

A firm in Los Angeles uses only one input. Its production function is : f (X) = 4\/; where x

represents the number of input units. The output is sold at 100$ per unit, and the unitary cost of

input is 508.
a) Write an equation where the firm’s profit depends on the output quantity.
b) What is the quantity of input that maximizes profit? What quantity of output maximizes the
profit? How much is the maximal profit?
c) Suppose that a tax of 20S is added on every unit of output while input price benefits from a
subsidy of 10S. What are the profits now?
d) Suppose that instead of setting up this tax and this grant, firm’s profit is taxed at 50%. Give

the profit after tax depending on the input’s quantity. What is the production that maximizes
profit? What is the profit after tax?

11



Jean is a gardener. He thinks that the number of nice plants, h, depends on the quantity of light,
1, and the quantity of water, w. Jean notices that plants need twice more light than water, and
also that one more or one less unit does not have any effect. Thus, his production function is

given by :
h=min{l,2w}
a) Assume that Jean uses 1 unit of light. What is the minimal quantity of water he needs to

b)

c)

d)

produce a plant?

Suppose that Jean wants to produce 4 plants. What are the minimal quantities of the two
inputs he needs?

What is the conditional demand function of light? What is the conditional demand function

of water?

If a is the cost of one light unit, and b the cost of a unit of water. What is Jean’s cost

function?

Flora is Jean’s sister. She thinks that to get nice plants, you have to talk to them and give them
fertilizer. Let f be the number of fertilizer’s bag, and t the number of hours spent talking to

plants.

The number of plants is exactly equalto h=t+2f .

Assume that one fertilizer’s bag costs a and a chat hour costs b.

a)

b)

c)

If Flora does not use fertilizers, how many hours will she have to talk to plants? If she does
not talk at all, how many fertilizers’ bags will she need for each plant?

Suppose that b<a/2. In that case, if Flora wants to produce a plant, what will be cheaper for

her: putting fertilizers or chatting?

What is Flora’s cost function?

12



II. CONSUMER THEORY

A FEW DEFINITIONS:

Individuals’ preferences are assumed to be represented by a utility function of the form:
U (X}, Xppeeees X,,)

Where X1, X, ...,Xn are the quantities of each N commodities that might be consumed in a period.

The marginal utility of a commodity is the utility gained from an increased consumption of this
commodity. Mathematically, the marginal utility of X is given by:

_au

MU, = ~—
X aX

The indifference curve represents all the alternative combinations of X and Y for which an individual
is equally well off. Along an indifference curve, the utility is the same.

The slope of an indifference curve is negative showing that if the individual is forced to give up some
Y, he must be compensated by an additional amount of X to remain indifferent between the two
bundles of goods. The negative of the slope of an indifference curve at some point is termed the
marginal rate of substitution (MRS) at that point. That is:

—dy_ MU,
dx MU

y

MRS, =

EXAMPLES OF PREFERENCES:

Cobb Douglas utility:
U(xy)=x“y’

In general, the relative sizes of a and 8 indicate the relative importance of the two goods to the
individual.

Perfect substitutes:

Here we will have linear indifference curves:

UX,y)=ax+py

The indifference curves for this function are straight lines.

Because the MRS is constant and equal to a/8 along the entire indifference curve, a person with these
preferences would be willing to give up some amount of y to get one more x no matter how much x
was being consumed.

13



U((x,y)=min(aXx, fY)

Here we will have L-shaped indifference curves. These preferences would go for goods that go
together like coffee and cream, peanut butter and jelly...These pairs of goods will be used in fixed
proportion. If you want one cup of coffee with 2 spoons of cream, than you will want 2 cups of coffee
and 4 spoons of cream. Only by choosing the goods together can utility be increased.

The three specific utility functions seen so far are special cases of the more general constant elasticity
of substitution function (CES) which takes the form:

-1
U y)=Asx? +1-s)y"]r
Where A>0;0<0<1-1<p0#0

A Cobb-Douglas is a special case of the CES function for which p=0, we have the Cobb Douglas
situation.

To maximize utility, given a fixed amount of income to spend, a person will buy those quantities of
goods that exhaust his total income and for which the psychic rate of trade off between the two
goods (MRS) is equal to the rate at which the goods can be traded on for the other in the
marketplace.

So, the person will equate the MRS to the ratio of the price of x to the price of y P, / p,-

First order condition for a maximum (FOC)

Assume that the individual has | S to allocate between 2 goods (x and y). If a is the price for x and b is
the price for y, then the individual is constrained by:

ax+by <1

a
Slope of budget constraint= T =slope of indifference curve

a
or, — = MRS
b
Indeed, for a utility maximum, all income should be spent and the MRS should equal the ratio of the
prices of the goods.
Expenditure minimization:

This problem is clearly analogous to the primary utility-maximization problem, but the goals and
constraints of the problem have been reversed.

14



The individual’s dual expenditure minimization problem is to choose X;, X,,...X, so as to minimize

total expenditure = E= P; X; + P, X, +...+ P, X,
Subject to constraint utility=U = (X;, X, ..., X,,)

The individual’s expenditure function shows the minimal expenditure necessary to achieve a given
utility level for a particular set of prices. That is,

Minimal expenditures= E(p,, P,,..., P,,U)

What happens when there are changes in income or in the price of a good?
Changes in income:

As a person’s purchasing power rises, it is natural to expect that the quantity of each good purchased
will also increase. If both x and y increase as income increases, these goods are called normal goods.

For some goods however, the quantity chosen may decrease as income increases in some ranges.
These goods are called inferior goods.

Changes in good prices:
When a prices changes, two different effects come into play:

e The substitution effect: even if the individual were to stay on the same indifference curve,
consumption patterns would be allocated so as to equate the MRS to the new price ratio.

e Theincome effect: a change in price leads to a change in real income. The individual cannot
stay in the same indifference curve and must move to a new one.

The utility-maximization hypothesis suggests that, for normal goods, a fall in the price of a good leads
to an increase in quantity purchased because: the substitution effect causes more to be purchased as
the individual moves along an indifference curve; and the income effect causes more to be purchased
because the price decline has increased purchasing power, thereby permitting movement to higher
indifference curve. When the price of a normal good rises, similar reasoning predicts a decline in the
guantity purchased. For inferior goods, substitution and income effects work on opposite direction
and there is no rule for total effect.

EXAMPLE: DETERMINING DEMAND FUNCTION

An individual spends his income R in buying two goods, X and Y of which prices are
Pxand P,.

Consumed quantities X and Y give to this consumer a utility function given by:
U (X ,Y) —2X 1/2Yl/2

To determine demand function, we first have to write the maximization program.
The individual dedicates all his income to the consumption of these 2 goods. His

budget constraint is thus:

15



| =P,X +P,Y
Let’s write the Lagrangian:
L=2XY2Y¥2 4 3(1 -P,X -P,Y)

We can now determine the FOC:

(1) %:2-%%—“2-\(“2—2& =0
oL 1 _
(2) a—Y=23-x“2~Y V2P, =0
oL
(3) 5, = PX-PY=0
1/2
From (1) ﬂ,:m
1/2
From (2) /AL=W
PY
1/2 1/2
s0: Y = X =P X= PyY

1/2 1/2
PXY2 Py

Using this last identity into the budget constraint, we find the demand for each

commodity:

| =P X +PY =2P.X = X = ——
v 2P

X

| =P, X +P,Y =2P,Y :Y:%

y

DEMAND ELASTICITIES:

Price elasticity of demand (e ) measures the proportionate change in quantity demanded in

X, Py

response to a proportionate change in good’s own price.

AXIX_ AX P, OX Py

e, ., = =
P Ap /P, Ap, X Op, X

16



Income elasticity of demand (exv, )measures the proportionate change in quantity demanded in

response to a proportionate change in income.

_AXIx o Ax b _ox |

XUTALIL T ALX ol X

Cross-price elasticity of demand (e ) measures the proportionate change in the quantity of x

X, Py

demanded in response to a proportionate change in the price of some other good (y).

AXIx _ Ax Py _ ox Py

“Ap,/p, Ap, x dp, x

y

X, Py

17



EXERCISES

1. Fill the table below

U (x,y) MU MU, MRS,,

2X+ 3y

2Jx+y

Xy

2. Let the utility function of a given consumer be:
U(X,Y)=2X(Y +1)
a. Derive the demand functions for each commodity.

b. Assume that Px=P,=1. Determine the income R that allows reaching a utility of 32.
Determine also corresponding consumptions.

c.  Now suppose that P,=2 and P,=1. Determine the new values of utility and consumptions

when the income is the same as you found above.

3. Derive the demand functions for:

a. A Cobb-Douglas utility function: U (X, y) = X* yﬂ

b. A Leontief utility function U (X, y) = min(a X, 8Y)
=l

c.  ACES utility function U (X, y) = A[§ X’ + (1— 5)y"’ ];

18




IIl. COMPETITIVE GENERAL EQUILIBRIUM MODEL

OBLIGATORY READING:

Reading_III-1.PDF :  B. Decaluwé, A. Martens et L. Savard, (2001), The Theoretical Framework or
the Competitive General Equilibrium Model, translation of Chapter 1 from
La politique économigue du développement et les modéles d’équilibre
général calculable, Presses de I’Université de Montréal, Collection
Universités francophones, Montréal.

EXERCISES

Assume that there are two (2) commodities produced in an economy. The production of each
commodity i follows a Cobb-Douglas:

1. XS, = ALD/KD; ™

Where XS;, LD, , KD; represent output, labor demand and capital demand respectively, and

A, o are parameters.

A. Assuming that the corresponding prices of output, labor and capital are P. , W, I' derive the

demand function for labor and capital.

2. LD, =

B. Let the utility function of the representative household also be a Cobb-Douglas function:
s U=BC/C

Where U, C; represent utility and consumption of commodity i, and B, /3 are parameters. Assume

further that household’s income, Y, is simply the sum of return to labor and capital:
5. Y=Y (wLD, +rKD, )
i
Assuming that consumer pays P; for each commodity, derive the consumer demand functions:
6. C =

7. C,=



C. Finally, assume that all markets are in equilibrium. Total labor supply, LS, is exogenous and the

same goes for capital supply, KS. Derive equilibrium equation for each market:

8. XS, =
9. LS =
10. KS =

D. How many variables are there in the simple general equilibrium model you just derived? How
many are endogenous and how many are exogenous? Is your model square (that is, do you get

the same number of equations and endogenous variables)?

E. What does the Walras’ law imply?

20



V. SOCIAL ACCOUNTING MATRIX

Reading_IV-1.PDF :  B. Decaluwé, A. Martens et L. Savard, (2001), The Social Accounting Matrix:
A Tool for Consistency, translation of Chapter 5 from La politique
économique du développement et les modeéles d’équilibre général

calculable, Presses de I'Université de Montréal, Collection Universités
francophones, Montréal.

EXERCISES

Assume |, j € {A, [ ,S} be the set of productive activities and commodities (A: agriculture, I:

industry, S: services) and h e {HW, HC} be the set of households (HW: labour endowed

households (workers), HC: capital endowed households (capitalists)).

Fill the empty SAM on the next page using these variables. Only the shaded cells should be filled. As
an example, dividends (DIV) should be at the intersection of row 4 and column 5 as firms pay
dividends to the capital endowed households. It is thus an expenditure for the firms, and an income
for households. Note that labor endowed households receive income from the labor market solely.

Cl Lj Value of intermediate consumption of commodity i in activity j
DIV Dividends paid by firms to households HC

Ein Household h's expenditure in commodity /

IT Total investment

\A Investment in good i

RK - Capital revenue paid to firms

RK ¢ Capital revenue paid to capital endowed households
RKJ- Return to capital from activity j

RK Total capital revenue

SF Firms' savings

SH, Household h's savings

ST Total savings

VX i Output of activity j

WLJ- Wage bill paid by activity j

WL Total wage bill paid to workers

YF Firms' income

YH, Household h's income



Receipts = Productive activities

Expenses ¥

. Labor

. Capital

. Labor endowed household

. Capital endowed household

. Firms

. Agriculture

. Industry

8. Services

9. Accumulation

TOTAL
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V. PARAMETRIZATION

OBLIGATORY READING:

Reading_V-1.PDF: N. Annabi, J. Cockburn, and B. Decaluwé, (2006), Functional Forms and
Parametrization of CGE Models, MPIA, Working Paper 2006-04.

Reading_V-2.PDF: Robichaud, V. (2009), Introduction to GAMS Software, A Manuel for CGE
Modelers, Mimeo.

EXERCISE

Find below the mathematical specification for the model AUTA and a social accounting matrix (SAM).
Assuming that all prices are equal to one, what are the parameters value that would be both
consistent with the SAM and the mathematical specification?

VA,

J

XS,

ParameterV; is calibrated as an example. Given equation 1: V=

Using the SAM values we therefore get:

_ 5,760+1,440

7560 +11.340
Vasr =79 000 N

15,540 +5,720
=080 Vio =" 100 ~ 30,700

=035 Vo = = =0.69



AUTA: EQUATIONS AND VARIABLES

A. EQUATIONS (50)

. PRODUCTION
1. VA, =V,;-XS,

2. Cl; =io;- XS,
3. VA=A, -LD{1.KD"
a;-PVA, VA,
D = 7T
! W
5. DI, ; =aij;; -Cl;

INCOME AND SAVINGS
6. YH,, =W > LD,
j
7. YH,.=2-D_R;-KD; + DIV
i
9. YF=(-4)-YR, KD
i

10. SF=YF-DIV

 DEMAND
in YH
11. Cihzy"h—h
' P
1T
12. INV, =2
P

i
13. DIT, => DI,
i

 PRICES
14. PVA, = '

VA,

PVA, -VA, W - LD,

KD;

15. R; =

_EQUILIBRIUM
16. XS; =DIT, +>.C;y +INV,
h

17. LS=) LD,
]

18. IT =) SH, +SF
h
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B. ENDOGENOUS VARIABLES (50)

Ci,h : Consumption of commodity i by type h households (volume) 6
Cl i Total intermediate consumption of industry j (volume) 3
DI TR Intermediate consumption of commodity i in industry j (volume) 9
DIT; : Total intermediate demand for commodity i (volume) 3
INV, Final demand of commaodity i for investment purposes (volume) 3
IT : Total investment 1
LDJ- : Industry j demand for labour (volume) 3
P Price of commodity i 3
PVAJ- : Value added price for industry j 3
RJ— : Rate of return to capital from industry j 3
SF Firms' savings 1
SH, : Savings of type h household 2
VAJ- : Value added of industry j (volume) 3
W Wage rate 1
XSj : Output of industry j (volume) 3
YF: Firms' income 1
YH, : Income of type h household 2
‘C. EXOGENOUS VARIABLES (5)
DIV : Dividends 1
KDJ- : Industry j demand for capital (volume) 3
LS: Total labour supply (volume) 1

‘D. PARAMETERS

Aj : Scale coefficient (Cobb-Douglas production function)
aij; ; Input-output coefficient
a;: Elasticity (Cobb-Douglas production function)
Yin - Share of the value of commodity i in total income of household h
ioj : Technical coefficient (Leontief production function)
A Share of capital income received by capitalists
7 Share of the value of commodity i in total investment
V- Propensity to save
v;: Technical coefficient (Leontief production function)
E. SETS

ibjel= {AGR, IND, SER} Industries and commodities (AGR: agriculture, IND: industry, SER:

heH ={HW,HC}

services)

endowed households)

Households (HW: labour endowed households, HC: capital

25
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